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Lecture 2: Quadratic Forms'

ISome additional references: Details of the theory can be found in [2];
numerical/computational aspects are discussed with further detail in [1] (in
the library).



A quadratic form is a homogeneous polynomial of degree two
in several variables.

Quadratic forms arise naturally in geometry, optimisation,
statistics, and differential equations.



Definition 1
A quadratic form in two variables is a function

Q:R2 —R
of the form

Q(x,y) = anx? + apxy + ag1yx + agay*.



Observe: Since xy = yx, we may combine the two mixed
terms:
Q(X, y) = a11X2 + (a12 + a21) Xy + a22y2.
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More generally, a quadratic form in two variables can be
written as
Q(x,y) = ax? + bxy + cy*.



Example 2

Consider
Q(x,y) = 5x% + 8xy + 7y>.

This is a quadratic form in R?, where

a] = 57 bio = (Cllz + azl) =8, agg = 7.

The important point: every term has total degree 2.



Definition 3
A quadratic form in three variables is a function

Q: R >R
of the form
Qx,y,z) = an xX* 4+ as xy + Xz
+ ay yx + age Y + s yz
+ zx + am zy + asz Z°.

(1)



Observe: Collecting the mixed terms, (1) is equivalent to

Q(x,y,z) = ain x> + b xy + Xz
+ ap Y+ by yz
+ ass 7
9 1
= a, x° + §b12 xy + Xz
1 ) 1
+ b2 yx + ass Y= + —bos yz
2 2
1
+ zx + Sbiozy + a7



Definition 4
A quadratic form in n variables is a function

Q:R" — R
of the form
n n
Q(xy,...,xq) = ZZagxi)g7
i=1 j=1

where a;1, ajo, ..., an, are some given (fixed) real numbers,
here-on-out referred as coefficients.

(2)



Observe: As in the 2— and 3—dimensional cases, (2) is
equivalent to

Q(xla"'7 Z bjxl
1<i<j
for some coefficients b;1, bia, ..., bpn.2

It is precisely this structure that allows a matrix
representation.

21t should be clear that the coefficients ai and by need not be the same.
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Proposition 5

Every quadratic form @Q in R™ can be represented using a square
matrix. More precisely:

Q(x) = x"Ax

Jorallx e R™.

Furthermore: without loss of generality, the matrix can be taken
symmetric (or triangular).



Idea of the proof.

1. Let
X bi1 bia - b
Xo O by -+ bon
x=1|.1, A= . . . .
Xn 0 0 -+« bnn

2. Using the definition of vector-matrix and matrix-vector
multiplication, compute x " Ax.

3. Verify that the product x" Ax coincides with (3).

4. Corroborate the equivalence between (2) and (3), and
conclude how the symmetric matrix representation is
obtained.



Corollary 6
The symmetric matrix associated with a quadratic form is
unique.

Proof.
Suggested exercise.



Example 7
Let
Q(x,y) = 5x% + 8xy + 7y*.

Then, from the definition of matrix multiplication:
5 8 X 2 )
X = b5x* + 8xy + 7y-.
by (0 7) (y) v
Alternatively:

(x vy (Z A7L> (;C) =5x% + 8xy + 7.

Important observation: Having the same product
DOES NOT IMPLY that the matrices are the same.




Example 8

Consider

Q(x,y, z) = 4x> + 8xy + 12xz + 8y? + byz + 202>,

Its associated symmetric matrix is

Therefore

4
A= |4
6

Pl 00 W
N

ON\U‘l@
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Q(X,y,Z)Z(X y Z)A y




Some intuition: In one dimension, the function
Sf(x) = ax®

corresponds to a parabola.

Then, exactly one of the following conditions hold:

» a >0 = the parabola opens upwards
= the function f can be minimized.
» a <0 = the parabola opens downwards
— the function f can be maximized.
» a=0 = the parabola is flat
= the function f is constant; i.e. there is nothing
to minimize or maximize.



In the multidimensional case, we now have expressions of the
form

Q(x) = x" Ax.

Building up from our intuition, how can we define the sign of
the matrix A?



In particular, we interested in the following:

> Is Q(x
> Is Q(x
» Can Q(x
> Can Q(x

) always positive?
) always negative?
) be zero for some x # 0?

) take both positive and negative values?

These questions lead to the classification of quadratic forms.



Remark 9

Since every quadratic form has a unique symmetric matrix
representing (Corollary 6), when classifying a quadratic form
we will always work with its associated symmetric matrix.



Definition 10
Let Q : R" — R be a quadratic form.

> Q is positive definite if
Qx) >0 for all x # O.
> Q is positive semi-definite if
Qx)>0 for all x,

and Q(y) = O for some y # O.

20



Definition 10 (cont.)
> Q is negative definite if

Qx) <0 for all x # O.
> Q is negative semi-definite if
Qx) <0 for all x,

and Q(y) = O for some y # O.
> Q is indefinite if there exist x, y such that

Qx)>0 and Q(y) < 0.
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Example 11

Consider

Q(x,y,z) = -3x% — 2% — 2%

For every (x,y,z) # (0,0,0),
Q(x,y,z) < 0.

Hence

‘ Q is negative definite. ‘
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Example 12

Consider

Q(x,y,z) :x2—2xz—i-y2—i-z2 = (x—z)2+y2.

Hence @ > 0, but
Q(1,0,1)=0.

Therefore Q is positive semi-definite.
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Example 13

Consider
Q(x,y,z) = x> — 2xz — y* + 2°.

Evaluate @ at two different points:
Q(0,1,0)=-1<0,

while
Q(2,0,0)=4>0.

Thus Q takes both positive and negative values.

‘ @ is indefinite. ‘

24



Another way to classify quadratic forms is through the
information provided by the eigenvalues of the corresponding
symmetric matrix. This is particularly useful for complicated
quadratic forms where direct evaluation can be impractical.

Remark 14

In what follows, we say the matrix A is positive definite
(respectively negative definite, indefinite, etcetera), if the
quadratic form Q(x) = x " Ax positive definite (respectively
negative definite, indefinite, etcetera).
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Proposition 15
Let A be a symmetric matrix.
1. A is positive definite < all eigenvalues are positive.

2. A is positive semi-definite < at least one eigenvalue is
zero and all the others are non-negative.

3. A is negative definite <= all eigenvalues are negative.

4. A is negative semi-definite < at least one eigenvalue is
zero and all the others are non-positive.

5. A is indefinite <= A has at least one positive and one
negative eigenvalue.

26



Eigenvalues of A

Classification of Q(x) = x" Ax

Ai > O for all i

Ai > O for all i, \; = O for some i
Ai <O forall i

Ai <O for all i, \; = O for some i

)\i>0and)\j<0

Positive definite
Positive semi-definite
Negative definite
Negative semi-definite

Indefinite
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Example 16

Consider

-3 0 O
A= 0 -2 0 |.
0O 0 -1

Since A is diagonal, its eigenvalues are

A1 = -3, Ao = —2, Az =—1.

All eigenvalues are negative.

Q(x) = x" Ax is negative definite.

28



Example 17

Consider
1 0 -1
A=10 1 O
-1 0 1

The eigenvalues are

A =1, A2 =0, Az = 2.

All eigenvalues are non-negative, and one is zero.

Q(x) = x" Ax is positive semi-definite.
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Example 18

Consider

The eigenvalues are

A =-1, A2 =0, Az = 2.

There is both a positive and a negative eigenvalue.

Q(x) = x" Ax is indefinite.
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The last method we present for the classification of quadratic
forms/symmetric matrices is based on principal minors. This
method can prove useful whenever computing eigenvalues
becomes difficult, particularly for matrices of large order.
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Definition 19

Let A be an n x n symmetric matrix. The leading principal
submatrix of order k is obtained by deleting the last n — k
rows and columns.
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Example 20

Consider the n x n matrix.

a
asi

Aje—11
Qi1

Q11

an1

a2
(¢5))

Aje—12
Qi
Aje+12

Qna

Ayje—1
Az)c—1

Aje—1k—1
Qje—1
Qet1k—1

Anjc—1

(2505
Qo)

Qje—1k
Qi
Qe 1k

Aje+1
Agjc+1

Aje—1k+1
Qcic+-1
Wit 1kc+1

Anje+1

Ain
Qon

Qje—1n
Qjen
Qjet-1n

Qnn
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Example 20 (cont.)

The principal submatrix of order k is obtained from the ‘first’
Ic2 entries (i.e. the elements in the first k rows/columns):

a ajg s Ark—1 (¢80
(0531 (¢5)) s agjc—1 Qzjc
Qje—11 QApe—12 " WAe—1k—1 Ape—1k

Ayl Qjeo T Qcie—1 Qi




Example 20 (cont.)

The rest of the rows/columns are discarded:

a ajg te Ajj—1 (¢80
(0531 (¢5)) s agjc—1 Qazjc
Qje—11 Qje—12 " We—1k—1 Ape—1k

Ayl Qyeo cee Qyeje—1 Qe
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Definition 21

Let A be a n x n symmetric matrix. For every ik = 1,...,n, the
Ie-th principal minor of A is defined as the determinant of the
leading principal submatrix of order k:

a - Qi
Ak:det

Q1 Qe
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Theorem 22 (Sylvester’s Criterion)
Let A be an n x n symumetric matrix with det A # O.
1. A is positive definite if, and only if,

A >0, k=1,....,n
2. A is negative definite if, and only if,

(—=1)*Aj > 0, k=1,...,n

37



Remark 23

Sylvester’s criterion does not classify matrices for which
det A= 0.

In other words, the method of minors does not classify
» positive semi-definite quadratic forms;
> negative semi-definite quadratic forms;
> indefinite quadratic forms.
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Summary

A quadratic form is a homogeneous polynomial of degree two.
In R7,
Q(x) = x " Ax.
Every quadratic form has a unique symmetric matrix representation.

A quadratic form is classified as positive definite, positive semi-definite,
negative definite, negative semi-definite, or indefinite.

Classification can be performed directly from the definition.

For a symmetric matrix, the signs of its eigenvalues determine the
classification.

Positive definite <= all eigenvalues are positive.
Negative definite <= all eigenvalues are negative.
Indefinite <> there are both positive and negative eigenvalues.

Sylvester’s criterion uses leading principal minors to test positive and
negative definiteness when det(A) # 0.
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